Deep Factors with Gaussian Processes for Forecasting by Maddix, Danielle C. et al.
Deep Factors with Gaussian Processes for Forecasting
Danielle C. Maddix
Amazon Web Services
Palo Alto, CA 94303
dmmaddix@amazon.com
Yuyang Wang
Amazon Web Services
Palo Alto, CA 94303
yuyawang@amazon.com
Alex Smola
Amazon Web Services
Palo Alto, CA 94303
smola@amazon.com
Abstract
A large collection of time series poses significant challenges for classical and neural
forecasting approaches. Classical time series models fail to fit data well and to scale
to large problems, but succeed at providing uncertainty estimates. The converse
is true for deep neural networks. In this paper, we propose a hybrid model that
incorporates the benefits of both approaches. Our new method is data-driven and
scalable via a latent, global, deep component. It also handles uncertainty through
a local classical Gaussian Process model. Our experiments demonstrate that our
method obtains higher accuracy than state-of-the-art methods.
1 Introduction
Some prevalent forecasting methods in statistics and econometrics have been developed for forecasting
individual or small groups of time series. These methods consist of complex models designed and
tuned by domain experts [1]. Recently, there has been a paradigm shift from model-based to fully-
automated data-driven approaches. This shift can be attributed to the availability of large and diverse
time series datasets in a wide variety of fields [2]. A substantial amount of data consisting of past
behavior of related time series can be leveraged for making a forecast for an individual time series.
Use of data from related time series allows for fitting of more complex and potentially more accurate
models without overfitting.
Classical time series methods, such as Autoregressive Integrated Moving Average (ARIMA) [3],
exponential smoothing [4] and general Bayesian time series [5], excel at modeling the complex
dynamics of individual time series of sufficiently long history. These methods are computationally
efficient, e.g. via a Kalman filter, and provide uncertainty estimates. Uncertainty estimates are critical
for optimal downstream decision making. These methods are local, that is, they learn one model per
time series. As a consequence, they cannot effectively extract information across multiple time series.
These classical methods also have challenges with cold-start problems, where more time series are
added or removed over time.
Deep neural networks (DNNs), in particular, recurrent neural networks (RNNs), such as LSTMs [6]
have been successful in time series forecasting [7, 8]. DNNs are generally effective at extracting
patterns across multiple time series. Without a combination with probabilistic methods, such as
variational dropout [9] and deep Kalman filters [10], DNNs can be prone to overfitting and have
challenges in modeling uncertainty [11].
The combination of probabilistic graphical models with deep neural networks has been an active
research area recently [10, 12, 13, 14]. In the time series forecasting domain, a recent example is [15],
where the authors combine RNNs and State-Space Models (SSM) for scalable time series forecasting.
Our work in this paper follows a similar theme: we propose a novel and scalable global-local method,
Deep Factors with Gaussian Processes. It is based on a global DNN backbone and local Gaussian
Process (GP) model for computational efficiency. The global-local structure extracts complex non-
linear patterns globally while capturing individual random effects for each time series locally. The
Third workshop on Bayesian Deep Learning (NeurIPS 2018), Montréal, Canada.
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main idea of our approach is to represent each time series as a combination of a global time series
and a corresponding local model. The global part is given by a linear combination of a set of deep
dynamic factors, where the loading is temporally determined by attentions. The local model is a
stochastic Gaussian Process (GP), which allows for the uncertainty to propagate forward in time.
2 Deep Factor Model with Gaussian Processes
We first define the forecasting problem that we are aiming to solve. Let X ⊂ IRd denote the input
features space and Z ⊂ IRk the space of the observations. We are given a set ofN time series with the
ith time series consisting of (xi,t, zi,t) ∈ X × Z, t = 1, · · · , T, where xi,t are the input co-variates,
and zi,t is the corresponding observation at time t. Given a forecast horizon τ ∈ N+, our goal is to
calculate the joint predictive distribution of future observations,
p({zi,T+1:T+τ}Ni=1|{xi,T+1:T+τ}Ni=1, {Di}Ni=1),
where Di = {(xi, zi)} denotes the ith time series with corresponding features. For concreteness, we
restrict ourselves to univariate time series (k = 1).
2.1 Generative Model
We assume that each time series zi is governed by the following two components: fixed and random.
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<latexit sha1_base64="wUtthi1D0lvcMlAdPUtcjikmpQ0=">AAA CAXicbVBNS8NAFHypX7V+VT16WSyCBymJCOqt6MVjBWMLTSib7aZdupuE3Y1QQm7+Bq969iRe/SUe/Sdu2hxs68CDYeY95jFBwpnStv1tVVZW 19Y3qpu1re2d3b36/sGjilNJqEtiHstugBXlLKKuZprTbiIpFgGnnWB8W/idJyoVi6MHPUmoL/AwYiEjWBvJ8wKRybyfsTOd9+sNu2lPgZaJU5 IGlGj36z/eICapoJEmHCvVc+xE+xmWmhFO85qXKppgMsZD2jM0woIqP5v+nKMTowxQGEszkUZT9e9FhoVSExGYTYH1SC16hfif10t1eOVnLEp STSMyCwpTjnSMigLQgElKNJ8Ygolk5ldERlhiok1NcymBKDpxFhtYJu5587rp3F80WjdlOVU4gmM4BQcuoQV30AYXCCTwAq/wZj1b79aH9Tlb rVjlzSHMwfr6BbJJmFE=</latexit><latexit sha1_base64="wUtthi1D0lvcMlAdPUtcjikmpQ0=">AAA CAXicbVBNS8NAFHypX7V+VT16WSyCBymJCOqt6MVjBWMLTSib7aZdupuE3Y1QQm7+Bq969iRe/SUe/Sdu2hxs68CDYeY95jFBwpnStv1tVVZW 19Y3qpu1re2d3b36/sGjilNJqEtiHstugBXlLKKuZprTbiIpFgGnnWB8W/idJyoVi6MHPUmoL/AwYiEjWBvJ8wKRybyfsTOd9+sNu2lPgZaJU5 IGlGj36z/eICapoJEmHCvVc+xE+xmWmhFO85qXKppgMsZD2jM0woIqP5v+nKMTowxQGEszkUZT9e9FhoVSExGYTYH1SC16hfif10t1eOVnLEp STSMyCwpTjnSMigLQgElKNJ8Ygolk5ldERlhiok1NcymBKDpxFhtYJu5587rp3F80WjdlOVU4gmM4BQcuoQV30AYXCCTwAq/wZj1b79aH9Tlb rVjlzSHMwfr6BbJJmFE=</latexit><latexit sha1_base64="wUtthi1D0lvcMlAdPUtcjikmpQ0=">AAA CAXicbVBNS8NAFHypX7V+VT16WSyCBymJCOqt6MVjBWMLTSib7aZdupuE3Y1QQm7+Bq969iRe/SUe/Sdu2hxs68CDYeY95jFBwpnStv1tVVZW 19Y3qpu1re2d3b36/sGjilNJqEtiHstugBXlLKKuZprTbiIpFgGnnWB8W/idJyoVi6MHPUmoL/AwYiEjWBvJ8wKRybyfsTOd9+sNu2lPgZaJU5 IGlGj36z/eICapoJEmHCvVc+xE+xmWmhFO85qXKppgMsZD2jM0woIqP5v+nKMTowxQGEszkUZT9e9FhoVSExGYTYH1SC16hfif10t1eOVnLEp STSMyCwpTjnSMigLQgElKNJ8Ygolk5ldERlhiok1NcymBKDpxFhtYJu5587rp3F80WjdlOVU4gmM4BQcuoQV30AYXCCTwAq/wZj1b79aH9Tlb rVjlzSHMwfr6BbJJmFE=</latexit><latexit sha1_base64="wUtthi1D0lvcMlAdPUtcjikmpQ0=">AAA CAXicbVBNS8NAFHypX7V+VT16WSyCBymJCOqt6MVjBWMLTSib7aZdupuE3Y1QQm7+Bq969iRe/SUe/Sdu2hxs68CDYeY95jFBwpnStv1tVVZW 19Y3qpu1re2d3b36/sGjilNJqEtiHstugBXlLKKuZprTbiIpFgGnnWB8W/idJyoVi6MHPUmoL/AwYiEjWBvJ8wKRybyfsTOd9+sNu2lPgZaJU5 IGlGj36z/eICapoJEmHCvVc+xE+xmWmhFO85qXKppgMsZD2jM0woIqP5v+nKMTowxQGEszkUZT9e9FhoVSExGYTYH1SC16hfif10t1eOVnLEp STSMyCwpTjnSMigLQgElKNJ8Ygolk5ldERlhiok1NcymBKDpxFhtYJu5587rp3F80WjdlOVU4gmM4BQcuoQV30AYXCCTwAq/wZj1b79aH9Tlb rVjlzSHMwfr6BbJJmFE=</latexit>
ui,t
<latexit sha1_base64="LAOmWBk4eBeNjZz6iPmmi6suudo=">AAAC AXicbVBNS8NAFNzUr1q/qh69LBbBg5REBPVW9OKxgrGFJpTNdtMu3U3C7otQQm7+Bq969iRe/SUe/Sdu2hxs68CDYeY95jFBIrgG2/62Kiura+s b1c3a1vbO7l59/+BRx6mizKWxiFU3IJoJHjEXOAjWTRQjMhCsE4xvC7/zxJTmcfQAk4T5kgwjHnJKwEieF8gszfsZP4O8X2/YTXsKvEyckjRQiX a//uMNYppKFgEVROueYyfgZ0QBp4LlNS/VLCF0TIasZ2hEJNN+Nv05xydGGeAwVmYiwFP170VGpNYTGZhNSWCkF71C/M/rpRBe+RmPkhRYRGdBY SowxLgoAA+4YhTExBBCFTe/YjoiilAwNc2lBLLoxFlsYJm4583rpnN/0WjdlOVU0RE6RqfIQZeohe5QG7mIogS9oFf0Zj1b79aH9TlbrVjlzSGa g/X1C7cUmFQ=</latexit><latexit sha1_base64="LAOmWBk4eBeNjZz6iPmmi6suudo=">AAAC AXicbVBNS8NAFNzUr1q/qh69LBbBg5REBPVW9OKxgrGFJpTNdtMu3U3C7otQQm7+Bq969iRe/SUe/Sdu2hxs68CDYeY95jFBIrgG2/62Kiura+s b1c3a1vbO7l59/+BRx6mizKWxiFU3IJoJHjEXOAjWTRQjMhCsE4xvC7/zxJTmcfQAk4T5kgwjHnJKwEieF8gszfsZP4O8X2/YTXsKvEyckjRQiX a//uMNYppKFgEVROueYyfgZ0QBp4LlNS/VLCF0TIasZ2hEJNN+Nv05xydGGeAwVmYiwFP170VGpNYTGZhNSWCkF71C/M/rpRBe+RmPkhRYRGdBY SowxLgoAA+4YhTExBBCFTe/YjoiilAwNc2lBLLoxFlsYJm4583rpnN/0WjdlOVU0RE6RqfIQZeohe5QG7mIogS9oFf0Zj1b79aH9TlbrVjlzSGa g/X1C7cUmFQ=</latexit><latexit sha1_base64="LAOmWBk4eBeNjZz6iPmmi6suudo=">AAAC AXicbVBNS8NAFNzUr1q/qh69LBbBg5REBPVW9OKxgrGFJpTNdtMu3U3C7otQQm7+Bq969iRe/SUe/Sdu2hxs68CDYeY95jFBIrgG2/62Kiura+s b1c3a1vbO7l59/+BRx6mizKWxiFU3IJoJHjEXOAjWTRQjMhCsE4xvC7/zxJTmcfQAk4T5kgwjHnJKwEieF8gszfsZP4O8X2/YTXsKvEyckjRQiX a//uMNYppKFgEVROueYyfgZ0QBp4LlNS/VLCF0TIasZ2hEJNN+Nv05xydGGeAwVmYiwFP170VGpNYTGZhNSWCkF71C/M/rpRBe+RmPkhRYRGdBY SowxLgoAA+4YhTExBBCFTe/YjoiilAwNc2lBLLoxFlsYJm4583rpnN/0WjdlOVU0RE6RqfIQZeohe5QG7mIogS9oFf0Zj1b79aH9TlbrVjlzSGa g/X1C7cUmFQ=</latexit><latexit sha1_base64="LAOmWBk4eBeNjZz6iPmmi6suudo=">AAAC AXicbVBNS8NAFNzUr1q/qh69LBbBg5REBPVW9OKxgrGFJpTNdtMu3U3C7otQQm7+Bq969iRe/SUe/Sdu2hxs68CDYeY95jFBIrgG2/62Kiura+s b1c3a1vbO7l59/+BRx6mizKWxiFU3IJoJHjEXOAjWTRQjMhCsE4xvC7/zxJTmcfQAk4T5kgwjHnJKwEieF8gszfsZP4O8X2/YTXsKvEyckjRQiX a//uMNYppKFgEVROueYyfgZ0QBp4LlNS/VLCF0TIasZ2hEJNN+Nv05xydGGeAwVmYiwFP170VGpNYTGZhNSWCkF71C/M/rpRBe+RmPkhRYRGdBY SowxLgoAA+4YhTExBBCFTe/YjoiilAwNc2lBLLoxFlsYJm4583rpnN/0WjdlOVU0RE6RqfIQZeohe5QG7mIogS9oFf0Zj1b79aH9TlbrVjlzSGa g/X1C7cUmFQ=</latexit>
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<latexit sha1_base64="9Aqx4gEGeWNA+voputUpYr/6XtI="> AAAB/HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoN6KXjxWMLbQhrLZbtqlu5uwuxFqKP4Gr3r2JF79Lx79J27aHGzrg4HHezPMzAsTzr Rx3W9naXlldW29tFHe3Nre2a3s7T/oOFWE+iTmsWqFWFPOJPUNM5y2EkWxCDlthsOb3G8+UqVZLO/NKKGBwH3JIkawsVLzqZuxUzPu VqpuzZ0ALRKvIFUo0OhWfjq9mKSCSkM41rrtuYkJMqwMI5yOy51U0wSTIe7TtqUSC6qDbHLuGB1bpYeiWNmSBk3UvxMZFlqPRGg7BTY DPe/l4n9eOzXRZZAxmaSGSjJdFKUcmRjlv6MeU5QYPrIEE8XsrYgMsMLE2IRmtoQiz8SbT2CR+Ge1q5p3d16tXxfhlOAQjuAEPLiAO txCA3wgMIQXeIU359l5dz6cz2nrklPMHMAMnK9fl/iWBA==</latexit><latexit sha1_base64="9Aqx4gEGeWNA+voputUpYr/6XtI="> AAAB/HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoN6KXjxWMLbQhrLZbtqlu5uwuxFqKP4Gr3r2JF79Lx79J27aHGzrg4HHezPMzAsTzr Rx3W9naXlldW29tFHe3Nre2a3s7T/oOFWE+iTmsWqFWFPOJPUNM5y2EkWxCDlthsOb3G8+UqVZLO/NKKGBwH3JIkawsVLzqZuxUzPu VqpuzZ0ALRKvIFUo0OhWfjq9mKSCSkM41rrtuYkJMqwMI5yOy51U0wSTIe7TtqUSC6qDbHLuGB1bpYeiWNmSBk3UvxMZFlqPRGg7BTY DPe/l4n9eOzXRZZAxmaSGSjJdFKUcmRjlv6MeU5QYPrIEE8XsrYgMsMLE2IRmtoQiz8SbT2CR+Ge1q5p3d16tXxfhlOAQjuAEPLiAO txCA3wgMIQXeIU359l5dz6cz2nrklPMHMAMnK9fl/iWBA==</latexit><latexit sha1_base64="9Aqx4gEGeWNA+voputUpYr/6XtI="> AAAB/HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoN6KXjxWMLbQhrLZbtqlu5uwuxFqKP4Gr3r2JF79Lx79J27aHGzrg4HHezPMzAsTzr Rx3W9naXlldW29tFHe3Nre2a3s7T/oOFWE+iTmsWqFWFPOJPUNM5y2EkWxCDlthsOb3G8+UqVZLO/NKKGBwH3JIkawsVLzqZuxUzPu VqpuzZ0ALRKvIFUo0OhWfjq9mKSCSkM41rrtuYkJMqwMI5yOy51U0wSTIe7TtqUSC6qDbHLuGB1bpYeiWNmSBk3UvxMZFlqPRGg7BTY DPe/l4n9eOzXRZZAxmaSGSjJdFKUcmRjlv6MeU5QYPrIEE8XsrYgMsMLE2IRmtoQiz8SbT2CR+Ge1q5p3d16tXxfhlOAQjuAEPLiAO txCA3wgMIQXeIU359l5dz6cz2nrklPMHMAMnK9fl/iWBA==</latexit><latexit sha1_base64="9Aqx4gEGeWNA+voputUpYr/6XtI="> AAAB/HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoN6KXjxWMLbQhrLZbtqlu5uwuxFqKP4Gr3r2JF79Lx79J27aHGzrg4HHezPMzAsTzr Rx3W9naXlldW29tFHe3Nre2a3s7T/oOFWE+iTmsWqFWFPOJPUNM5y2EkWxCDlthsOb3G8+UqVZLO/NKKGBwH3JIkawsVLzqZuxUzPu VqpuzZ0ALRKvIFUo0OhWfjq9mKSCSkM41rrtuYkJMqwMI5yOy51U0wSTIe7TtqUSC6qDbHLuGB1bpYeiWNmSBk3UvxMZFlqPRGg7BTY DPe/l4n9eOzXRZZAxmaSGSjJdFKUcmRjlv6MeU5QYPrIEE8XsrYgMsMLE2IRmtoQiz8SbT2CR+Ge1q5p3d16tXxfhlOAQjuAEPLiAO txCA3wgMIQXeIU359l5dz6cz2nrklPMHMAMnK9fl/iWBA==</latexit>
N<latexit sha1_base64="Sj4hUdJdduOkBPXJLgqr0zSoxQ4=">AAAB9nicbVBNS8NAE J3Ur1q/qh69LBbBU0lEUG9FL56kBWMLbSib7aZdursJuxshhP4Cr3r2JF79Ox79J27bHGzrg4HHezPMzAsTzrRx3W+ntLa+sblV3q7s7O7tH1QPj550nCpCfRLzWHVCrClnkvqGG U47iaJYhJy2w/Hd1G8/U6VZLB9NltBA4KFkESPYWKn10K/W3Lo7A1olXkFqUKDZr/70BjFJBZWGcKx113MTE+RYGUY4nVR6qaYJJmM8pF1LJRZUB/ns0Ak6s8oARbGyJQ2aqX8nci y0zkRoOwU2I73sTcX/vG5qousgZzJJDZVkvihKOTIxmn6NBkxRYnhmCSaK2VsRGWGFibHZLGwJxcRm4i0nsEr8i/pN3Wtd1hq3RThlOIFTOAcPrqAB99AEHwhQeIFXeHMy5935cD7 nrSWnmDmGBThfv7Fhkzw=</latexit><latexit sha1_base64="Sj4hUdJdduOkBPXJLgqr0zSoxQ4=">AAAB9nicbVBNS8NAE J3Ur1q/qh69LBbBU0lEUG9FL56kBWMLbSib7aZdursJuxshhP4Cr3r2JF79Ox79J27bHGzrg4HHezPMzAsTzrRx3W+ntLa+sblV3q7s7O7tH1QPj550nCpCfRLzWHVCrClnkvqGG U47iaJYhJy2w/Hd1G8/U6VZLB9NltBA4KFkESPYWKn10K/W3Lo7A1olXkFqUKDZr/70BjFJBZWGcKx113MTE+RYGUY4nVR6qaYJJmM8pF1LJRZUB/ns0Ak6s8oARbGyJQ2aqX8nci y0zkRoOwU2I73sTcX/vG5qousgZzJJDZVkvihKOTIxmn6NBkxRYnhmCSaK2VsRGWGFibHZLGwJxcRm4i0nsEr8i/pN3Wtd1hq3RThlOIFTOAcPrqAB99AEHwhQeIFXeHMy5935cD7 nrSWnmDmGBThfv7Fhkzw=</latexit><latexit sha1_base64="Sj4hUdJdduOkBPXJLgqr0zSoxQ4=">AAAB9nicbVBNS8NAE J3Ur1q/qh69LBbBU0lEUG9FL56kBWMLbSib7aZdursJuxshhP4Cr3r2JF79Ox79J27bHGzrg4HHezPMzAsTzrRx3W+ntLa+sblV3q7s7O7tH1QPj550nCpCfRLzWHVCrClnkvqGG U47iaJYhJy2w/Hd1G8/U6VZLB9NltBA4KFkESPYWKn10K/W3Lo7A1olXkFqUKDZr/70BjFJBZWGcKx113MTE+RYGUY4nVR6qaYJJmM8pF1LJRZUB/ns0Ak6s8oARbGyJQ2aqX8nci y0zkRoOwU2I73sTcX/vG5qousgZzJJDZVkvihKOTIxmn6NBkxRYnhmCSaK2VsRGWGFibHZLGwJxcRm4i0nsEr8i/pN3Wtd1hq3RThlOIFTOAcPrqAB99AEHwhQeIFXeHMy5935cD7 nrSWnmDmGBThfv7Fhkzw=</latexit><latexit sha1_base64="Sj4hUdJdduOkBPXJLgqr0zSoxQ4=">AAAB9nicbVBNS8NAE J3Ur1q/qh69LBbBU0lEUG9FL56kBWMLbSib7aZdursJuxshhP4Cr3r2JF79Ox79J27bHGzrg4HHezPMzAsTzrRx3W+ntLa+sblV3q7s7O7tH1QPj550nCpCfRLzWHVCrClnkvqGG U47iaJYhJy2w/Hd1G8/U6VZLB9NltBA4KFkESPYWKn10K/W3Lo7A1olXkFqUKDZr/70BjFJBZWGcKx113MTE+RYGUY4nVR6qaYJJmM8pF1LJRZUB/ns0Ak6s8oARbGyJQ2aqX8nci y0zkRoOwU2I73sTcX/vG5qousgZzJJDZVkvihKOTIxmn6NBkxRYnhmCSaK2VsRGWGFibHZLGwJxcRm4i0nsEr8i/pN3Wtd1hq3RThlOIFTOAcPrqAB99AEHwhQeIFXeHMy5935cD7 nrSWnmDmGBThfv7Fhkzw=</latexit>
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<latexit sha1_base64="TKqQBxfLSwDZxA pXWRMULtSkgzs=">AAACA3icbVBNS8NAFNzUr1q/qh69LBbBg5ZEBPVW9OKxgrGFNpbNdt Mu3U3C7otQQq7+Bq969iRe/SEe/Sdu2hxs68CDYeY95jF+LLgG2/62SkvLK6tr5fXKxubW 9k51d+9BR4mizKWRiFTbJ5oJHjIXOAjWjhUj0hes5Y9ucr/1xJTmUXgP45h5kgxCHnBKwE iPXV+mKuul/AROnaxXrdl1ewK8SJyC1FCBZq/60+1HNJEsBCqI1h3HjsFLiQJOBcsq3USz mNARGbCOoSGRTHvp5OsMHxmlj4NImQkBT9S/FymRWo+lbzYlgaGe93LxP6+TQHDppTyME2 AhnQYFicAQ4bwC3OeKURBjQwhV3PyK6ZAoQsEUNZPiy7wTZ76BReKe1a/qzt15rXFdlFNG B+gQHSMHXaAGukVN5CKKFHpBr+jNerberQ/rc7pasoqbfTQD6+sXmYGYww==</latexit><latexit sha1_base64="TKqQBxfLSwDZxA pXWRMULtSkgzs=">AAACA3icbVBNS8NAFNzUr1q/qh69LBbBg5ZEBPVW9OKxgrGFNpbNdt Mu3U3C7otQQq7+Bq969iRe/SEe/Sdu2hxs68CDYeY95jF+LLgG2/62SkvLK6tr5fXKxubW 9k51d+9BR4mizKWRiFTbJ5oJHjIXOAjWjhUj0hes5Y9ucr/1xJTmUXgP45h5kgxCHnBKwE iPXV+mKuul/AROnaxXrdl1ewK8SJyC1FCBZq/60+1HNJEsBCqI1h3HjsFLiQJOBcsq3USz mNARGbCOoSGRTHvp5OsMHxmlj4NImQkBT9S/FymRWo+lbzYlgaGe93LxP6+TQHDppTyME2 AhnQYFicAQ4bwC3OeKURBjQwhV3PyK6ZAoQsEUNZPiy7wTZ76BReKe1a/qzt15rXFdlFNG B+gQHSMHXaAGukVN5CKKFHpBr+jNerberQ/rc7pasoqbfTQD6+sXmYGYww==</latexit><latexit sha1_base64="TKqQBxfLSwDZxA pXWRMULtSkgzs=">AAACA3icbVBNS8NAFNzUr1q/qh69LBbBg5ZEBPVW9OKxgrGFNpbNdt Mu3U3C7otQQq7+Bq969iRe/SEe/Sdu2hxs68CDYeY95jF+LLgG2/62SkvLK6tr5fXKxubW 9k51d+9BR4mizKWRiFTbJ5oJHjIXOAjWjhUj0hes5Y9ucr/1xJTmUXgP45h5kgxCHnBKwE iPXV+mKuul/AROnaxXrdl1ewK8SJyC1FCBZq/60+1HNJEsBCqI1h3HjsFLiQJOBcsq3USz mNARGbCOoSGRTHvp5OsMHxmlj4NImQkBT9S/FymRWo+lbzYlgaGe93LxP6+TQHDppTyME2 AhnQYFicAQ4bwC3OeKURBjQwhV3PyK6ZAoQsEUNZPiy7wTZ76BReKe1a/qzt15rXFdlFNG B+gQHSMHXaAGukVN5CKKFHpBr+jNerberQ/rc7pasoqbfTQD6+sXmYGYww==</latexit><latexit sha1_base64="TKqQBxfLSwDZxA pXWRMULtSkgzs=">AAACA3icbVBNS8NAFNzUr1q/qh69LBbBg5ZEBPVW9OKxgrGFNpbNdt Mu3U3C7otQQq7+Bq969iRe/SEe/Sdu2hxs68CDYeY95jF+LLgG2/62SkvLK6tr5fXKxubW 9k51d+9BR4mizKWRiFTbJ5oJHjIXOAjWjhUj0hes5Y9ucr/1xJTmUXgP45h5kgxCHnBKwE iPXV+mKuul/AROnaxXrdl1ewK8SJyC1FCBZq/60+1HNJEsBCqI1h3HjsFLiQJOBcsq3USz mNARGbCOoSGRTHvp5OsMHxmlj4NImQkBT9S/FymRWo+lbzYlgaGe93LxP6+TQHDppTyME2 AhnQYFicAQ4bwC3OeKURBjQwhV3PyK6ZAoQsEUNZPiy7wTZ76BReKe1a/qzt15rXFdlFNG B+gQHSMHXaAGukVN5CKKFHpBr+jNerberQ/rc7pasoqbfTQD6+sXmYGYww==</latexit>
ri,t+1
<latexit sha1_base64="FA76202m+cJ+fxs96BL140Z+Dis=">AAACA3icbVBNS8NAFNz Ur1q/qh69LBZBUEoignorevFYwdhCG8tmu2mX7iZh90UoIVd/g1c9exKv/hCP/hM3bQ62deDBMPMe8xg/FlyDbX9bpaXlldW18nplY3Nre6e6u/ego0RR5tJIRKrtE80ED5kLHARrx4o R6QvW8kc3ud96YkrzKLyHccw8SQYhDzglYKTHri9TlfVSfgonTtar1uy6PQFeJE5BaqhAs1f96fYjmkgWAhVE645jx+ClRAGngmWVbqJZTOiIDFjH0JBIpr108nWGj4zSx0GkzISAJ+r fi5RIrcfSN5uSwFDPe7n4n9dJILj0Uh7GCbCQToOCRGCIcF4B7nPFKIixIYQqbn7FdEgUoWCKmknxZd6JM9/AInHP6ld15+681rguyimjA3SIjpGDLlAD3aImchFFCr2gV/RmPVvv1of 1OV0tWcXNPpqB9fULllmYwQ==</latexit><latexit sha1_base64="FA76202m+cJ+fxs96BL140Z+Dis=">AAACA3icbVBNS8NAFNz Ur1q/qh69LBZBUEoignorevFYwdhCG8tmu2mX7iZh90UoIVd/g1c9exKv/hCP/hM3bQ62deDBMPMe8xg/FlyDbX9bpaXlldW18nplY3Nre6e6u/ego0RR5tJIRKrtE80ED5kLHARrx4o R6QvW8kc3ud96YkrzKLyHccw8SQYhDzglYKTHri9TlfVSfgonTtar1uy6PQFeJE5BaqhAs1f96fYjmkgWAhVE645jx+ClRAGngmWVbqJZTOiIDFjH0JBIpr108nWGj4zSx0GkzISAJ+r fi5RIrcfSN5uSwFDPe7n4n9dJILj0Uh7GCbCQToOCRGCIcF4B7nPFKIixIYQqbn7FdEgUoWCKmknxZd6JM9/AInHP6ld15+681rguyimjA3SIjpGDLlAD3aImchFFCr2gV/RmPVvv1of 1OV0tWcXNPpqB9fULllmYwQ==</latexit><latexit sha1_base64="FA76202m+cJ+fxs96BL140Z+Dis=">AAACA3icbVBNS8NAFNz Ur1q/qh69LBZBUEoignorevFYwdhCG8tmu2mX7iZh90UoIVd/g1c9exKv/hCP/hM3bQ62deDBMPMe8xg/FlyDbX9bpaXlldW18nplY3Nre6e6u/ego0RR5tJIRKrtE80ED5kLHARrx4o R6QvW8kc3ud96YkrzKLyHccw8SQYhDzglYKTHri9TlfVSfgonTtar1uy6PQFeJE5BaqhAs1f96fYjmkgWAhVE645jx+ClRAGngmWVbqJZTOiIDFjH0JBIpr108nWGj4zSx0GkzISAJ+r fi5RIrcfSN5uSwFDPe7n4n9dJILj0Uh7GCbCQToOCRGCIcF4B7nPFKIixIYQqbn7FdEgUoWCKmknxZd6JM9/AInHP6ld15+681rguyimjA3SIjpGDLlAD3aImchFFCr2gV/RmPVvv1of 1OV0tWcXNPpqB9fULllmYwQ==</latexit><latexit sha1_base64="FA76202m+cJ+fxs96BL140Z+Dis=">AAACA3icbVBNS8NAFNz Ur1q/qh69LBZBUEoignorevFYwdhCG8tmu2mX7iZh90UoIVd/g1c9exKv/hCP/hM3bQ62deDBMPMe8xg/FlyDbX9bpaXlldW18nplY3Nre6e6u/ego0RR5tJIRKrtE80ED5kLHARrx4o R6QvW8kc3ud96YkrzKLyHccw8SQYhDzglYKTHri9TlfVSfgonTtar1uy6PQFeJE5BaqhAs1f96fYjmkgWAhVE645jx+ClRAGngmWVbqJZTOiIDFjH0JBIpr108nWGj4zSx0GkzISAJ+r fi5RIrcfSN5uSwFDPe7n4n9dJILj0Uh7GCbCQToOCRGCIcF4B7nPFKIixIYQqbn7FdEgUoWCKmknxZd6JM9/AInHP6ld15+681rguyimjA3SIjpGDLlAD3aImchFFCr2gV/RmPVvv1of 1OV0tWcXNPpqB9fULllmYwQ==</latexit>
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Figure 1: Plate graph of the
proposed Deep Factors with
Gaussian Processes model.
The diamond nodes represent
deterministic states.
Fixed effects are common patterns that are given by linear combina-
tions of K latent global deep factors, gk,t. These deep factors can be
thought of as dynamic principal components or eigen time series that
drive the underlying dynamics of all the time series.
Random effects, ri, are the local fluctuations that are chosen to be the
Gaussian Process [16], i.e., ri ∼ GP(0,Ki(·, ·)), where the covari-
ance Ki is a kernel matrix and ri,t = ri(xi,t).
The observed value zi,t at time t, or more generally, its latent function
ui,t such that zi,t ∼ p(·|ui,t(xi,t)), can be expressed as a sum of
the weighted average of the global patterns and its local fluctuations.
The summary of this generative model is given in Eqn. (1), and is
illustrated in Figure 1. For simplicity, we consider wi(xi,t) := wi to
be the embedding of time series i.
random effect : ri ∼ GP(0,Ki(·, ·)),
fixed effect : fi,t = w>i gt(xi,t),
emission : zi,t ∼ p(·|ui,t), ui,t = fi,t + ri,t.
(1)
We use a global dynamics factors RNN or a set of K univariate-
valued RNNs to generate gt ∈ IRK . The RNNs are learned globally
to capture the common patterns from all time series. For each time series at time t, we use attention
networks to assign stationary attentions wi ∈ IRK to the dynamic factors gt. This determines the
group of the global factors to focus on and the relevant segment of histories. At a high level, the
weighting gives temporal attention to different global factors.
2.2 Inference and Learning
Given a set of N time series generated by Eqn. (1), our goal is to estimate Θ, the parameters in
the global RNNs, attention network and the hyperparameters in the kernel function. To do so, we
use maximum likelihood estimation, where Θ = argmax
∑
i log p(zi), Computing the marginal
likelihood may require doing inference over the latent variables. In our case, p(·|ui,t) is Gaussian,
and the marginal likelihood can be computed easily as,
p(zi) = N (fi,Ki + σ2i I).
For non-Gaussian likelihoods, classical techniques, such as Box-Cox transform [17] or variational
inference in the framework of Variational Auto Encoder (VAE) [18, 19], can be used. This is a
direction of future work.
3 Experiments
The model is implemented in MXNet Gluon [20] with a RBF kernel [21] using the mxnet.linalg
library [22, 23]. We use a p3.4xlarge SageMaker instance in all our experiments. The global factor
network is chosen to be LSTM with 1 hidden layer and 50 hidden units. We fix the number of factors
to be 10.
To assess the quality of the proposed model, we limit the training, sometimes artificially by pruning
the data, to only one week of time series. This results in 168 observations per time series. Figures
2a-2b show that the forecasts qualitatively on the publicly available datasets electricity and
traffic from the UCI data set [24, 25].
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Figure 2: The dashed orange curve shows the forecast of the proposed global LSTM with GP local
model. The black vertical line marks the division between the training and prediction regions.
We use the quantile loss to evaluate the probabilistic forecast. For a given quantile ρ ∈ (0, 1), a target
value zt and ρ-quantile prediction ẑt(ρ), the ρ-quantile loss is defined as
QLρ[zt, ẑt(ρ)] = 2
[
ρ(zt − ẑt(ρ))Izt−ẑt(ρ)>0 + (1− ρ)(ẑt(ρ)− zt)Izt−ẑt(ρ)60
]
.
We use a normalized sum of quantile losses,
∑
i,t QLρ[zi,t, ẑi,t(ρ)]/
∑
i,t |zi,t|, to compute the
quantile losses for a given span across all time series. We include results for ρ = 0.5, 0.9, which we
abbreviate as the P50QL (mean absolute percentage error (MAPE)) and P90QL, respectively. We also
report the root mean square error (RMSE), which is the square root of the aggregated squared error
normalized by the product of number of time series and the length of the time series in the evaluation
segment.
Table 1 compares with DeepAR (DA), a state-of-art RNN-based forecasting algorithm on the publicly
available AWS SageMaker [7, 26] and Prophet (P), a Bayesian structural time series model [27].
To ensure a fair comparison, we set DeepAR to have the same 1-layer 50 hidden units network
configuration, with the number of epochs set to be 2000. The results show that our model outperforms
the others, in particular with respect to the P90 quantile loss. This shows that we are better at capturing
uncertainty.
DS HRZN
P50QL P90QL RMSE
DA P DFGP DA P DFGP DA P DFGP
elec 3d 0.216 0.149 0.109 0.182 0.103 0.061 1194.421 902.724 745.17524hr 0.132 0.124 0.103 0.100 0.091 0.074 2100.927 783.598 454.307
traf 3d 0.348 0.457 0.137 0.162 0.207 0.093 0.028 0.032 0.02124hr 0.268 0.380 0.131 0.149 0.191 0.090 0.024 0.028 0.019
Table 1: Results for short-term (3-day forecast) and near-term (24-hour forecast) scenario with one
week of training data on electricity, traffic.
4 Conclusion
We propose a novel global-local model, Deep Factors with Gaussian Processes, for forecasting a
collection of related time series. Our method differs from other global-local models by combining
classical Bayesian probabilistic models with deep learning techniques that scale. We show promising
experiments that demonstrate the effectiveness and potential of our method in learning across multi-
time series and propagating uncertainty.
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